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Abstract—We develop an algorithm for solving regression models with Box-Cox transformations
on both the dependent and independent variables, while simultaneously taking into account
corrections for serial correlation of several orders and for heteroscedasticity. The latter correction
is of a general form which contains as special cases most specifications of heteroscedasticity
found in practice. We apply the procedure to three urban travel demand functions, two of which
are currently used in their linear form by the Montreal Transit Authority, and analyze more
than 100 specifications. Our results show that taking into account nonsphericalness of the residuals
has a major impact on model parameter estimates, notably on those which determine the func-
tional form of the model, and that, conversely, modifications of the functional form have strong
implications for both the structure of autocorrelation and the importance of heteroscedasticity;
moreover, we find interactions between autocorrelation and heteroscedasticity structures. We
introduce a special measure of elasticity for variables which contain zero observations, particularly
dummy variables. Moreover, we find that elasticities of demand and implicit values of time
depend to a large extent on the stochastic specification of the model.

1. ANTECEDENTS AND STATE OF THE QUESTION

This paper formulates and extensively applies an algorithm (L-1.1) to estimate the pa-
rameters of an econometric specification structure which generalizes the Box—Cox regres-
sion method by simultaneously accounting for multiple autocorrelation and heterosce-
dasticity of a broad and flexible nature. The applications are made with two transit
demand equations used in practice as well as with a gasoline demand equation, and
summarize a large number of tests and considerable numerical experience with the
procedure. In addition to the statistical results, we present economic results through the
use of tables of rigourously defined elasticities, including new measures for dummy and
quasi-dummy variables, and values of time.

The best way to lead into such a fare is to summarize the antecedents of the matter,
starting with the simple form of the model used for our tests, and to gradually motivate
the buildup of the econometric specification.

1.1 Starting point: the DEMTEC direct demand model

One of the authors has presented in this journal an aggregate monthly time-series
demand model where all of the variables are defined over the whole urban area served
by the transit authority (Gaudry, 1975, 1978). For each market category c, we write,
for each time period ¢, the demand d,, as:

dcr =d (Pn M,N,Y, A, ETC:; 0., wcl)’ (1)

where the transit demand is explained by a set of prices P, the availability of cars M,
network service levels and infrastructure characteristics N, income Y, activities which
generate travel A, and data-source specific variables ETC. The symbol 8 denotes the
set of all parameters to be estimated and w,, an error term. The two market categories
analyzed were adults and schoolchildren (less than 18 years of age). Later, formulation
(1) was used to specify a demand for gasoline equation in the same urban market and
the model was extended to include supply and network performance/cost equations
(Gaudry, 1980); the equations were studied both one at a time and as a simultaneous
system.
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When equations were analyzed one by one, their econometric specification was:

K
= 2 BeXu + u (23)
k=1
u, = Yo, ¢ =1, (33)
v, = z P + W, (4)
!

In this formulation, the ‘“‘systematic” part (2a) is assumed to be linear. The stochastic
part is two-sided: first, (3a) states that there is no function of explanatory variables
associated with the fluctuations of u,: the ¢ is a constant set equal to 1. In addition to
this assumption of homoscedasticity, we make the assumption in (4) that there is a
stationary autoregressive structure with w,, a true white noise of zero mean and constant
variance o®. In practice Box—Jenkins (1970) techniques are used to identify such an
autoregressive structure, and significant moving average components which the series v,
might have contained are approximated by increasing the number of non-zero orders of
the autoregressive process. With a fixed functional form and the assumption of homo-
scedasticity, this procedure appears to function well. The systematic part contains the
“meaningful” variables and includes the activity level variables which insure the sta-
tionarity of u,; furthermore, an appropriate multiple autocorrelation scheme removes
any predictable component of information left in the residuals over time. We have
regularly found that using that information improves the regression results: this is not
altogether surprising if autoregressive structures compensate for missing variables in
(2a), but very hard to prove in nontrivial ways. The combination of (2a) and (4) yields
a balanced specification where both systematic and stochastic parts have meaningful
roles: the former includes “causal” economic and policy variables of interest and the
latter whitewashes the residuals without incurring the extra computational costs asso-
ciated with the estimation of moving average parameters.

The Montreal Urban Community Transit Commission (MUCTC) has been using
the two transit demand functions with the above econometric specification since 1975.
The model, called DEMTEC, works very well, tracking ridership to within about 1
percent when the level of the explanatory variables are known. Forecasts of the impact
of new subway lines, of fare and service level changes and of the contributions of car
ownership or economic activities are made and updated at regular intervals. After an
extensive examination of models of this sort, the Toronto Transit Commission (TTC)
has implemented the procedure. The Paris Transit Authority (RATP) is considering the
same action.

One might then ask: can one do better by relaxing some of the assumptions built
into structure (2a), (3a), and (4)?

1.2 Introducing Box—Cox transformations (BCT) on the systematic part

The first improvement one might consider is the choice of the appropriate functional
form, which is a crucial step in applied regression analysis: Theil (1971) has pointed out
the importance of discriminating between linear and log-linear models for forecasting.
A useful compromise has been suggested by Box and Cox (1964): applied both to the
dependent and independent variables, the Box—Cox transformation (BCT) defines a
general class of models which includes the pure linear and log-linear models as special
cases. The flexibility of the BCT has made it attractive in monetary economics (Za-
rembka, 1968; Spitzer, 1976, 1977) and income analysis (Heckman and Polachek, 1974)
and it was natural to apply it in transportation. The following was defined as a substitute
for (2a):

K
Y = 3 BEE + @)
k=1
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where the superscripts (A,) and (\,,) denote that the variables are affected by the BCT,
for instance

X — 1
X = S —— ©)

Axk

Clearly, BCT are applied only to strictly positive variables; other variables are left
untransformed. Also, since BCT on y, are defined only for y, greater than zero, it is
evident that eqn (2b) cannot hold for every conceivable value of w,. This point will be
further discussed in the next section [see especially eqns (15)—(17)].

The application made in Gaudry and Wills (1978) used only one A parameter, the
same on both the dependent and independent variables. Both equations of the linear
DEMTEC model were analyzed. Their linearity could not be rejected.f It was also clear
that if a logarithmic model had been chosen, some of the explanatory variables, such as
travel time in the schoolchildren equation, would have had unexpected signs and that,
in both equations, income and some of the autoregressive parameters would have had
signs which differed from those obtained with the optimal functional form.

Of course, the application of the BCT, particularly to the dependent variable of
regression models, does not merely affect the functional form of the model. It also affects
the distributional properties of the residual errors. For instance, Savin and White (1978)
found an interaction between first-order autocorrelation and the BCT. In the above-
mentioned application to the DEMTEC equations, where multiple autocorrelation schemes
were used, the autocorrelation structure which whitewashed the residuals was the same
at the (near-linear) point of the optimal A as at the linear starting point and no tests
were made to detect (by finding what the forms would have been without taking serial
correlation into account) the influence of the presence of the autocorrelation structure
on the optimal form of the systematic part. In the same paper, it was also felt appropriate
to look for evidence of sensitivity to heteroscedasticity. Box and Cox (1964) mention
that the use of the BCT may render the density of the error term more normal-like;
Zarembka (1974) points out that using the BCT may compensate for heteroscedasticity
and suggests an approximate measure of sensitivity conditional upon a belief in the
degree of heteroscedasticity present. Using that approximate conditional procedure, it
was found that, if one strongly believed in the presence of heteroscedasticity, the BCT
estimates for both equations were sensitive to it and might have reflected its presence.

Clearly, this point is important and requires attention, for nothing guarantees that
using the BCT may decrease heteroscedasticity: the BCT transformation simultaneously
affects the functional form of the systematic part of the regression and the form of the
density of the residual errors—and this can have disadvantages. To see this, consider
the three cases presented in Fig. 1: on the left-hand side, one has “initial” models; these
are the object of logarithmic transformations on the right-hand side. The initial models
are generated by the following formulas:

Case A: y, = B X" + (y, — B1X®) = B, X% + u,
Case B: y, = BiXP + (yp — B1XP) = B XP + u, (6)
Case C: Ye = Bl + BZX + [yc - (Bl + BZX)] = B1 + BzX + u..

Case A presents the nice situation in which a curvilinear model with heteroscedastic
disturbances is transformed to obtain a better fit which simultaneously reduces the
heteroscedasticity. In Case B, however, the curvilinear model has homoscedastic dis-

1The BCT estimates were 0.92 for the adult market and 0.72 for the school-children market. These values
are taken from Table 1, Experiment #2.1, Series A-1 and S-1; they differ slightly from the less precise estimates
shown on Figs. 9 and 15 of the Gaudry and Wills (1978) paper.
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Fig. 1. Influence of a logarithmic transformation on the fit and error variance. Case A: Reducing both
nonlinearity and heteroscedasticity; Case B: Reducing nonlinearity and inducing heteroscedasticity;
Case C: Reducing heteroscedasticity but inducing nonlinearity.

turbances and the transformation introduces undesired heteroscedasticity. Alternatively,
Case C presents a linear model with heteroscedastic disturbances where the use of the
BCT reduces the heteroscedasticity but impairs the linear fit. In order to avoid such a
dilemma, one should consider separate instruments for the different targets: the BCT
to improve the functional fit and a different scheme to correct for heteroscedasticity.
This strategy, suggested in Gaudry and Dagenais (1978, 1979) will be substantiated here
at the same time as the generality of eqn (2b) will be exploited—all without neglecting

e ———
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the multiple autocorrelation structure (4). Indeed, the autocorrelation structure can also
be influenced by the presence of the BCT and heteroscedasticity: it requires simultaneous
estimation.

Although the BCT has continued to be used by Welland (1978) in income analysis,
by Appelbaum (1979) and by Berndt and Khaled (1979) in production theory, and by
other authors, the specification of the stochastic part has been generally neglected. In
transportation, for instance, Kau and Sirmans (1976) have a simple gravity model of
interregional migration, Wang et al. (1981), Green (1982) and Wang and Skinner (1984)
have time-series models of freight flows, gasoline consumption and transit demand,
respectively, but none take autocorrelation or heteroscedasticity into account. Neither
have we found elsewhere any examination of the interaction among functional form,
heteroscedasticity and autocorrelation which this paper will focus on.

1.3 Adding a flexible form for heteroscedasticity (HG)

To complete our econometric specification, we must use a separate instrument which
will, in accordance with the strategy mentioned above, allow for a representation of the
variance of the residuals. To do this, we first write a general heteroscedasticity function
and then give it a useful form. The function is

u = [f(Zlu LR} ZMl)]llzvn (3b)
where
M 1A,
f(th’ ] ZMt) = {)\u [80 + 2 Bng‘tm)] + 1} (7)
m=1

and the Z set of explanatory variables may have common elements with the X set used
in (2b). In this expression, direct BCT are applied to the Z variables which explain error
variance and an inverse power transformation is applied to the expression in the square
parentheses. The constant 3, is necessary to preserve the invariance of the expression
to units of measurement of the Z’s (Schlesselmann, 1971). Equation (7) contains as
special cases most schemes of traditional interest.

The first family of special cases is based on setting A, = 0. This yields

M
E() = op = 42 exp {so S amzs:w}
m=1

. (8)
= ¢? exp {2 SmZS,éfm)}

where

¢? = ¥ exp{do}.

Furthermore, if each \,,, is also set equal to zero, the last expression of eqn (8) reduces
to the multivariate multiplicative model found in Dagum and Dagum (1974):

M
Wy = d)z H Z. )
m=1
Equation (6) finally reduces to the classical multivariate form:

M
w, = ¢ [I Z, (10)
m=1
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when each 3, is set equal to 2. Park’s (1966) specification is obtained from (8) by setting
all 3,,, but one, equal to zero and by setting the X\, of the retained variable equal to
zero. Imposing the further constraint that the retained §,, equals 2 yields the classical
univariate form ¢ Z%,. Egy and Lahiri (1979) have recently used Park’s specification
with an equation of form (2b). Seaks and Layson (1983) present a slightly different
formulation from that of Park: they suggest the form ¢? Z( and provide a numerical
illustration which sets a unique A, equal to a unique A, in (2b).
Another family of special cases is obtained by setting A, = 1. This results in:

M
w,; = 80 + 2 SmZg\tzm), (11)
m=1

where &, = ¢*(3, + 1), §,, = 23,,. This family includes the linear form (each \,,, =
1), such as that found in Glejser (1969), and many nonlinear forms (e.g. square root if
each A,,, = 0.5, and second degree if each \,,, = 2) as special cases. Buse (1979) recently
formulated a different definition of generalized heteroscedasticity which also includes
the linear form as a special case.

The subclass defined by (11) may be less useful than the subclass defined by (8),
because the former can produce negative values for the w,’s. We shall therefore use the
latter in the rest of this paper as the useful form of (3b).

1.4 The practical specification of the expanded model
Grouping (2b), (8), and (4) yields the practical specification of the model proposed
in Gaudry and Dagenais (1978, 1979):

K
y& = BX0® + u, (124)
k=1
M 1/2
u, = (exp {2 SMZQ,M)}) v, (12B) (12)
m=1
v, = D, PV + W, (12C)

=1

where w, has zero mean, constant variance o2 and is independent among observations.
This specification potentially contains a very large number of parameters. In our present
applications to three urban travel demand models with 181 monthly observations from
December 1956 until December 1971, we will report full results for specifications si-
multaneously containing as much as 27 B4, a A, and 2 A, on the fixed part (12A), with
23,,and 2 \,,, on the heteroscedasticity component (12B) and 12 p, on the autocorrelation
component (12C) of the stochastic part. We will also partially report on our overall
numerical experience to date with the L-1.1 algorithm used to estimate the parameters
of the likelihood function and other useful statistics for model (12).

Our present applications will try to answer 3 kinds of questions: the first relates
specifically to the usefulness of flexible nonlinear dimensions which depart from the
basic classical multivariate least-squares model; the second examines the interdependence
among these dimensions, and the third concentrates on elasticities which involve all
parameters of the system.

Flexible format questions:

(i) On the systematic part, is the Box-Cox transformation more

useful than predetermined forms? (BCT)
(ii) Is a heteroscedasticity model of a general form more useful
than a more restrictive form? (HG) (FF)

(iii) Is a full autocorrelation structure more useful than a
sparse form? (AU)
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Interaction questions:

(iv) Does the estimated form of the BCT, HT, and AU

components each depend on the constraints imposed on the B C‘Z"I’ A;J
flexible form of the other components (including their ~ HG

suppression)?

(v) More formally, are the BCT, HG, and AU esti-
mated flexible form structures each conditional on the si-
multaneous estimation of flexible forms in the other di- (BC’%C;E')AU)
mensions? For instance, does the functional form estimated (BCT — AU)
for the fixed part depend on the simultaneous estimation of
autocorrelation; and the reverse?

(INT)

Elasticity questions:

(vi) Do the signs and values of the elasticities of the
dependent variable with respect to the explanatory variables (n,x, < FF) (E)
depend on the flexible format(s) used?

Before answering these six questions with greater scope than the available literature,
which is only focused on (BCT), we must formulate and justify the likelihood function
and outline the principle features of L-1.1, the algorithm developed especially for the
expanded model (12).

2. THE LIKELIHOOD FUNCTION

Assuming that the w/’s in (12) are normally distributed and neglecting the first »
observations,t the log-likelihood of the remaining N-r observations on the y,’s may be
expressed as follows:

Nt 2mo?) — % ﬁ In £(Z,)

t=1+r 2 t=1+r

U,

> [[f(Z,)]”Z - E"'[ﬂzﬁm“z] O =D 2y, (13

t=1+r t=1+r

where

f(Z) = exp {é] GMZQ;M)} . (14)

Note that the last term of the right-hand side of (13) is the Jacobian of the transformation
from the density of the y*’s to that of the y,’s and that the expression in the square
brackets corresponds to w,.

2.1 A two-limit Tobit approach
Since the BCT on y, is defined only for y, > 0, so that eqn (12A) can hold only for
values of w, which are consistent with this constraint, it might be thought that eqn (13)

+Note that, when the number of observations is small, it might be advantageous to recuperate the first r
observations, as pointed out by Beach and MacKinnon (1978). Recuperating the first r observations does not
raise any theoretical problem, but the expressions of the log-likelihood function and of its first derivatives
then become more messy: we have therefore not considered this alternative.

TRb 21/6-B
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is not strictly valid. We maintain, however, that it is indeed the appropriate likelihood
function. Our argument is based on the fact that in very many econometric applications,
it is reasonable to consider y, as limited both downwards and upwards, even if the sample
contains no limit observations.

Several statistical interpretations of the BCT regression model are possible. For
example, Bickel and Doksum (1981) assume —o < y, < o, A > 0 and use an extended
definition of the power family, namely

y® = [|y[* sgn (y) — 1]/\.

Bickel and Doksum note that “if in fact, the y’s [in the sample] are positive, the likelihood
function is as in Box and Cox.” Adopting the Bickel-Doksum approach would therefore
establish that eqn (13) is indeed the appropriate likelihood function. Although Carroll
and Ruppert (1981) are less explicit about their own assumptions, their use of the Bickel
and Doksum asymptotic results suggests that they adopt essentially the same approach.
However, for many econometric applications such as demand analysis, the assumption
that y can take negative values is unrealistic; and for this reason, the Bickel-Doksum
approach does not seem appropriate for our purpose.

Others, such as Spitzer (1976), Olsen (1978), Poirier (1978), Amemiya and Powell
(1980), postulate that y, cannot be negative and that the Box—Cox maximand is not
strictly a likelihood function because it takes no account of the fact that y, is truncated.
This viewpoint is true if one (implicitly) requires that the distribution function of y™ be
everywhere continuous for all possible values of the explanatory variables and conse-
quently contain no mass point. We shall not adopt this approach because we believe
that, for some conceivable values of the explanatory variables, demand could very well
take the value zero (or some value arbitrarily close to zero) with non-negligible prob-
ability. In such cases, it is perfectly possible, for instance, for the distribution of y® to
have a mass point at —1/\ when A > 0, for particular values of the explanatory variables.

In a large number of econometric applications, such as demand analysis, it is indeed
very reasonable to assume that the dependent variable has both a lower and an upper
limit, even if these points are almost never actually observed. In one of the equations
used in this paper, the dependent variable is the quantity of bus and subway trips per
month by schoolchildren in Montreal. If the transit fare were increased from its present
value of 25 cents to $40 or $60—which is considerably higher than taxi fares within the
urban area—it is reasonable to assert that the demand for bus travel by schoolchildren
in Montreal would be reduced to zero. (In practice, it is convenient, as we shall see
later, to use as lower limit €, an arbitrarily small positive number, rather than zero
because the BCT can only be effected on strictly positive variables since it includes the
log transformation: A = 0). On the other hand, if the transit fare were set at zero or
even at a negative value—which would imply that the Montreal Transit Authority pay
children to use transit—the demand would surely increase considerably but could not
increase strictly to infinity. Given the number of available transit vehicles and the number
of schoolchildren in Montreal, the monthly travel demand by schoolchildren could surely
never be larger than some theoretical finite upper limit, say L. In fact, one could argue
that most standard regression analyses made in economics and in many other fields
pertain to doubly limited dependent variables. This fact is usually ignored because the
samples contain no limit observations and the analyses and predictions usually concern
values of y, or E(y,) which are far from both the upper and the lower limits.

The proper statistical model to use, in our case, corresponds therefore to the two-
limit Tobit model (Rosett and Nelson, 1975):

K
Y™ = e it S B X0 + u, = e, (15)
k=1

K K
yM =N B X0 + u,  ife® <D B X + u, < LO, (16)
k=1

k=1
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K
y = LO) if D BrXQw + u, = L™, 17

k=1

2.2 In the absence of limit observations

If the actual sample contains no limit observations, the exact likelihood function
reduces to that suggested by Box and Cox for regression models with homoscedastic
and serially uncorrelated error terms and to our eqn (13) for models involving hetero-
scedasticity and serial correlation. This can be readily inferred by considering, for ex-
ample, eqn (10) of the Rosett—Nelson paper and setting the number of limit observations
in the sample equal to zero.

Under the assumption that the true model of y™ is a two-limit Tobit model, and
given that the actual sample available contains no upper or lower limit observations, the
parameter estimators that maximize eqn (13) are the true maximum likelihood esti-
mators.t What then, are the asymptotic properties of these estimators? Different possible
cases must be considered here. In line with the remarks made by Draper and Cox (1969)
about the original BCT model, if it can be safely assumed that the parameters of the
model, the initial conditions, and the empirical distribution of the exogenous variables
are such that the probability that y® be equal to its higher or lower limit is always
negligible, then it is conjectured that “the general large-sample theorems about the
sampling distributions of maximum likelihood estimates,”” as Box and Cox (1964, p. 219)
put it, apply to Z.., of eqn (13).} Note that, as also suggested by Draper and Cox and
reiterated by Olsen (1978), “the reasonableness of the [above] assumptions . . . can be
tested by an analysis of the residuals.”

For that purpose, the probability that y™ be equal to its lower limit or to its upper
limit should be established for each observation in the sample, as illustrated in our
applications (see Section 4).

Even if it cannot be safely assumed that the probability that y™ reaches its lower
or upper limit is always negligible, this probability may be sufficiently small that the
probability of observing samples without limit observations remains very high. Then, in
such cases, our maximum likelihood estimators remain presumably consistent and asymp-
totically normally distributed, given that Amemiya has shown that the maximum like-
lihood estimates of the Tobit model possesses such asymptotic properties.§

Finally, if the probability that y®™ be equal to its upper or lower limit is so high

tStrictly speaking, they are conditional maximum likelihood estimators, conditional on the values of the
first r observations. Similarly, when we speak of the probability that y® be equal to its upper or lower limit,
or when we discuss the calculation of E(y,), these are all conditional on the past values of y.

$This point has also been recognized by other authors in the literature, for the original Box-Cox model.
For example, Zellner (1971, p. 163, fn. 2) notes that the range of y®™ is not — to + “but just a subinterval
of this range.” He then points out that if the probability that y “will fall in the excluded interval is small,
the normality assumption will not be vitally affected.” In the same line of thought, it is readily seen in Amemiya
and Powell (1980, p. 6, eqn 2.10) that, if it is assumed that y® has a truncated normal distribution and if the
surface under the normal curve for the admissible region is close to one, the asymptotic bias of the “Box-
Cox MLE” of \ vanishes; in their notation, if

P®(1/N,0, + pol/o,) — 1 for every ¢,
then — (1/0,A2) ) [d(1/N,0, + pu/0o)/P(A/N,0, + i/ a,)] Will — 0.

Clearly, a rigorous analytical derivation of the asymptotic properties of the proposed estimators of the model
discussed in the present paper would require further investigation. An expensive alternative approach, which
could generate information on the finite sample properties as well as on the asymptotic properties of the
estimators, would be to resort to Monte Carlo experiments.

§In Amemiya’s (1973) paper, the proofs that are developed seem perfectly compatible with the fact that
a given finite observable sample may contain zero limit observations. The difficulty of extending Amemiya’s
proof to the model discussed in the present paper comes mainly from the assumption of serial correlation.
The introduction of serial correlation in limited dependent variable models complicates greatly the general
expression of the likelihood function, since every run of m limit observations leads to the introduction of an
m-dimensional integral of the multivariate normal density function (Dagenais, 1982). However, Robinson’s
approach (1982) could possibly be used in this case.
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(given the values of the explanatory variables observed in the actual sample) as to make
it unlikely that any sample of the size considered contains no limit observation, then
one might clearly suspect that the suggested model is unreasonable. Note that, as pointed
out above, the problem we are discussing at present is not specific to the BCT model,
since it could occur with any linear regression model with a non-negative dependent
variable. Although this fact is most often neglected, it would be just as justified and
imperative to examine the probability that the dependent variable be zero in every linear
regression model with non-negative dependent variable as it is for the BCT model.

2.3 The dependent variable: Its expected value and probability of being at the limits

How then should one compute the probability that the sample contain limit obser-
vations? We will eventually have to calculate E(y,) in order to obtain the elasticity of
the dependent variable with respect to the exogenous variables and an appropriate analog
of the multiple correlation coefficient R?. The presently outlined procedure will serve
all of these ends.

For each observation, the probability that y, be equal to its lower and higher limits
is readily obtained as the first and third integrals of the following expression which
defines E(y,) by generalizing and extending Tobin’s (1958) formula to the case of a
doubly limited dependent variable e <y, = L:

E(y) = e L f(wio?) dw + ﬁv;y(w),f(w;o'z) dw + L J'ff(w;oﬂ) dw  (18)

where
~ y —_ 1 r
w, = \/}—(_Z— 291}’11" ZB,‘X,“,
Ly —1 r
AT A ¥, = k%
w, )\y[f(Z,)]l/Z 1=21 PiYi-i kg] BrXiE*,
Zr = (Zl“'"’ZMt)y
yi = yINH(Zo),
Xg‘xk) r X()‘xk)
- [f(Z ) 2 pI[f(Zl” )/]1/2’
f(wo?) = @m)~"%a~" exp {—w?/20%},
and

y(w) = [l + AV f(Z) (; piyis + 2B XE* + Wr)] y-

2.3.1 Limiting behavior of the expected value. Let us now successively examine,
over the whole domain of A, how the three terms on the right-hand side of (18) behave
as € gets closer to zero and as L gets larger. These terms will be referred to, below, as
expressions [, [, and B, respectively from left to right.

When A\, > 0, expression [ — 0 as e — 0. Similarly, expression B — 0, as L —
o since, for sufficiently large L, we necessarily have

L fm f(w;e?)dw =L ‘r wf(w;o?) dw 19)

and

L r wf(w;o?) dw — 0 as L — o,
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Therefore, when both e = 0 and L — », we have

E() = [ yonfowia?) dw, (20)

where

1
MF(ZOT

The value of E(y,) can then be computed by numerical methods.
When A\, = 0, expressions [ and (& both tend toward zero as e = 0 and L — .
In addition term [2 can be rearranged to yield:

*k
Wy =

r K
- Z Pyl — Z BiXi*.
=1 k=1

EG) = [ 5 (wio?) dw, 1)

where
r K
y(W), = CXP { v f(Zt) (IE—: Pz)’;*—: + g BkX;:t* + wt)}'

Note therefore that, when A = 0, the fact that y, may have an upper limit is of no
consequence in practice for the conputation of E(y,), provided one assumes that this
upper bound is sufficiently high. Indeed, for a sufficiently large value of L, the probability
associated with the mass point at L tends toward zero for any finite values of X};* (k =
1,...,K),y~ (I=1,...,r) and the elements of Z,; furthermore, the value of
w/ in [2 can be replaced by ® without altering the value of the integral. Therefore,
when A\, = 0, the upper bound L does not even have to be specified explicitly, provided
it is assumed to be sufficiently large. ¥t

The case is different however for A, < 0. This case cannot be treated as the two
previous cases since, if we assume that L gets arbitrarily large and — «, E(y,) does not
exist. In this case, the value of L must be specified explicitly if one wants to compute
E(y,). Therefore, when A < 0, as € — 0, term [ of (18) — 0 and E(y,) becomes:

EG) = [yt dw + L [ fwio?) dw. @

Note that, for values of Z,, X;* and y; such that E(y,) is much smaller than L, the
probability that y, attain its upper L limit will be negligible and the value of E(y,) will
be quite insensitive to the precise value retained for L. In samples where no upper limit
values of y, have been observed, one may infer that all the Z,, X;**, and y;* values
contained in the sample are effectively such that E(y,) is much smaller than L for every
t. Hence, it should be possible to compute E(y,) for the observations contained in the
sample to the desired level of accuracy without requiring that the value of L be known
with great precision: it should be sufficient to specify L only very approximately.:

tIn certain cases, one may not be ready to make such an assumption and might prefer to specify the
value of L explicitly. In such case, the expression for E(y,) would become for A\, > 0: E(y,) = [ :;uy(w), f(w;
o?) dw + L [ f(w; o) dw; and for A, = 0: E(y,) = [*. 5(w).f(w; o?) dw + L [5 f(w; o?) dw, where
W, =In LINVf(Z) — 2. piyls — 2K BeXi*

tBecause of these considerations, in our program (Liem et al., 1983), the user is asked to specify the
value of L. Otherwise, if the user does not specify L and the maximum likelihood estimate of A, turns out to
be negative, the program generates, by default, its own approximation of L and uses it to compute E(y,) from
eqn (22). When the L value is thus generated by the program, it is automatically printed in the output, so
that the user may be made aware of the approximation actually used. This procedure is further discussed in
Liem et al. (1983).
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2.3.2 Probability that the sample contains limit observations. Having established that
it is possible to obtain a value for E(y,) over the whole domain of A, and for all meaningful
values of the lower and upper limits, how is one to use the probability of being at the
lower limit obtainable as the value of the integral in [ and the probability of being at
the higher limit obtained as the value of the integral in &7

These probabilities can, in principle, be examined for each observation ¢ but a
summary measure is more convenient. Moreover, when \, is positive, the fact that y,
may have an upper limit is of no practical consequence since the probability associated
with the mass point tends to zero for sufficiently large values of L. Our concern in this
case should be with the probability that y, be equal to its lower limit zero, unless our
sample pertained to a phenomenon, such as the number of work hours per day, where
the upper limit is naturally low. Similarly, when \, is negative, the probability associated
with the lower limit mass point tends to zero for sufficiently small values of e: we should
in this case be concerned with the probability that y, be equal to its upper limit unless
our sample contained a significant positive lower limit. When A\, = 0, probabilities
associated with both upper and lower limits tend to zero for sufficiently small values of
e and sufficiently large values of L.

In consequence, we will compute over the whole sample the following statistics:

N N wile
Po=TI PRG.>e = Il (1 - f “ F(wsod) dw), for\, >0 (23A)
t=1+r t=1+r —®
and
N N ©
P,= 1] Pr(y.<L)=1]] (1 - j f(W;a?) dw), for A, <0. (23B)
t=1+r t=1+r w(L)

These statistics are clearly very sensitive to the value of the highest probability of being
at the limit found in the sample and are therefore conservative indicators of the appro-
priateness of using the likelihood function with a given sample.

3. THE L-1.1 ALGORITHM

In order to maximize .Z in eqn (13) with respect to the vector of unknown parameters

"ﬂ',Where"ﬂ' = (}\ya)\xla' .o 1Axl(’)\zla~ .. ’)\zMasla' s 18M’pl" . 7praB17' . 7BK’
c?)’, the function is_ first concentrated over o and the B’s. Then the concentrated
likelihood function.Z (), where ™ = (\), Ayy - - s Mo Nty o Aoy P> -+ -5 P2)

is maximized with respect to the elements of &, using the Davidon-Fletcher-Powell
(DFP) algorithm (see Fletcher and Powell, 1963).

3.1 The concentrated likelihood
To obtain .Z, concentration over the B’s is obtained by writing 4.2/ = 0,

where B = (B;, - . . , Bx)', and solving for B to get
B = (X** X% xxsryes (24)
where
X = (XM, .. XRY),
X = (X, ..., XED, (t=r+1,...,N)

y** = (y;k+*17 L ’y),\kl*)a
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and

)(}‘y) " ()‘y)

T :=21 Z, :)]”2

In a second step, concentration over o? is achieved by writing 3 £/do? = 0, solving for
o2, and replacing B by B. The solution is

7= ) 2, [ - S @] ®)

Substitution of B and o7 in £ yields the concentrated log-likelihood

7 = [(N r)] {In(2w) + 1} - '2' 2 In f(Z) (26)

_[(va;’_)] Ina + (\, — 1) 2 In y,.

t=1+r

3.2 Maximization and determination of the autoregressive structure (AU)

In order to apply the iterative DFP gradient method, the derivatives of .# with
respect to the elements of 7 have to be computed at each iteration. The analytical
expressions of these derivatives are given in Liem et al. (1983). An initial solution must
also be supplied to start the iterative process. Setting the A.’s, the \,’s and \, equal to
one and the p’s as well as the &’s equal to zero appears to be a good starting point, since
the model reduces to a classical linear multiple regression.

After a first estimate of B has been found by using eqn (24), a first estimate of the
u’s is obtained from eqn (1) and a Box-Jenkins (1970) type analysis applied to help
determine the autoregressive (AR) structure of the error terms when the sample is
sufficiently large. Although the actual AR structure of the estimated residuals could
change between iterations, in practice the AR structure identified at the first iteration
is retained for all subsequent iterations. Once the maximum has been attained, the AR
structure of the estimated w’s is examined again. We have made several numerical
experiments and, in almost all cases, the estimated w’s obtained at final iteration ap-
peared to behave as a pure white noise.t If the sample is small, the Box-Jenkins tech-
niques may not be very useful for identifying the AR pattern which must consequently
be determined a priori by the experimenter.

3.3 t-Statistics: Unconditional but dependent on units of measurement

To estimate the asymptotic covariance matrix of 4, the maximum likelihood estimate
of all the elements of w, the formula suggested by Berndt et. al. (1974) is used. This
required computing the derivative of each .Z, defined by eqn (13) with respect to each
element of 7 evaluated at 4. The gradient so obtained can be written as

0L & (a4
—= > (——) , @27)
am 1 \NOT /s
where
0y _ g py@0 = 1) _ 1200 f(Z) _ wiow,
T ) o 2 am o? om

and w, denotes the contents of the square bracket in (13).

+1f that was not the case, it was usually easy to change the AR structure in such a way as to obtain the
desired result, by trial and error. The reader should also note our Section 4.3.3 on this point.
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The covariance matrix is expressed as

il az,) (a.f,)'] -

cov I;;H (a“_ o) | (28)
The asymptotic t-statistics are obtained in usual fashion by computing the ratio of each
parameter to the square root of the appropriate element from the diagonal of (28). The
t-values thus obtained are unconditional: they take into account all estimated parameters
of the system. One should however keep in mind the following points when examining
the forthcoming tables of results which present the ¢-statistics: (1) Wald-type tests such
as asymptotic ¢-tests are not generally invariant to reparametrization (Burguette, Gallant,
and Souza, 1982). In particular, in models involving Box—Cox transformations, the ¢-
statistics associated with the B parameters are not invariant to the reparametrization
implied by changes in the units of measurement (Spitzer, 1984); (2) conditional ¢-statistics
for the B’s, for given values of the \’s, are invariant but, in certain extreme cases, these
may be considerably larger (in absolute value) than the corresponding, more appropriate,
unconditional statistics (Spitzer, 1982; Blackley, Follain, and Ondrich, 1984); (3) if the
units of measurement of y and of the X’s are standardized, so that all experimenters
utilizing the same model and the same sample adopt the same units of measurement,
this will clearly eliminate the possibility that different experimenters use different units
of measurement and get different results for the z-tests. For example, each variable can
be divided by its sample arithmetic or geometric (Spitzer, 1984) mean. When the arith-
metic mean is used, the estimates of the §’s in the standardized model coincide with the
estimates of the ““intuitive elasticities”” evaluated at the means (to be defined later). The
adoption of such standardization procedures, however, does not resolve the fundamental
problem arising from the fact that, in BCT models, asymptotic ¢-tests are not invariant
with respect to changes in the units of measurement of the variables; this approach simply
avoids the question by imposing an arbitrary norm.}

Even if presenting t-statistics for the B’s conditional on the values of the \’s cor-
responding to their maximum likelihood estimates, or standardizing the y’s and X’s by
dividing them by their sample arithmetic means, offers no adequate solution to the
problem of lack of invariance of the #-statistics,t we shall present in the Appendix such
results for one of the models discussed below. In that particular case, the conditional
tests on the B, differ markedly from the unconditional tests originally obtained, but the
test on the variables scaled by their arithmetic means are, in general, not very different
however from those presented in Table 1.

The solution to this problem may well lie in the development of confidence regions
for the “strict elasticity” (to be defined later) of the dependent variable with respect to
the X, and the Z,, in (12). As noted below, elasticities, rather than coefficients as such,
are of interest in a model. We conjecture that t-tests on properly defined “strict elas-
ticities”” might be invariant to units of measurement.

3.4 Analogs of the multiple correlation coefficient R*
In linear regression analysis, a useful statistic is the multiple correlation coefficient
R?* which relates the y values “predicted” by the model to the observed values:

R?=1 - Z e — yt)z 2 (ye = ¥ (29)

t=1+r t=1+r

+The fact the the norm defined for y (namely its sample arithmetic mean y or its sample geometric mean
) is itself a stochastic variable also raises statistical complications which have not been considered, for example,
by Spitzer (1984).

$Note however that likelihood ratio tests and Rao-type tests (Rao, 1948) are invariant with respect to
changes in the units of measurement. Performing such tests for each individual B parameter would however
be much too costly, in our case.
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It would be convenient to have a similar measurement for nonlinear models. In our
case, for instance, one might wish to extract y by “unrolling” the BCT on y; from (12A),
such an inversion would yield:

. K . U4,
¥ = [M (2 BkXSS'*’) + 1] . (30)
k=1

where it is clear that y, might not be a real number because the contents of the square
brackets need not be positive. We have therefore defined the following two measures
of adjustment:

Pseudo-(E)-R2 =1~ 3 [y.— EQ)PE/ 3 (3. - ) (31)

t=1+r t=1+r
and
Pseudo-(L)-R? = 1 — exp{(2/N)(£, — (<L)}, (32)

where .Z is the value of the log-likelihood of the model considered and . is the value
of the log-likelihood under the hypothesis that the model is linear, without autocorre-
lation and heteroscedasticity, and that all 8, are equal to zero except the constant.

Although both (31) and (32) coincide with (29) in the classical linear regression case
with spherical residuals, in the present case, only (32), which increases monotonically
with Z, is necessarily comprised between 0 and 1. Our program computes both but we
will only report (32) in our tables of results.

4. RESULTS: FUNCTIONAL FORM, AUTOCORRELATION
AND HETEROSCEDASTICITY

In this section, we will report mostly on statistical results used to answer the first
two kinds of questions outlined in Section 4.1.: (FF) questions concerning the usefulness
of each of the three nonlinear dimensions in which model (12) expands the classical
linear regression and (INT) questions concerning the interaction among these dimen-
sions. To simplify the presentation, we will refer to each of the demand equations as
follows:

Equation A = transit demand by adults,
Equation S transit demand by schoolchildren, (Code1)
Equation G = gasoline demand.

I

4.1 A table of likelihood and BCT values

Our principal source of information to answer the questions of interest will be Table
1 which contains 120 model specification results (102 if repetitions are excluded). Each
result consists of the values of the log-likelihood and of the BCT associated with the
systematic part (12A) of the specification considered. All 120 experiments have row and
column identification: series numbers denote the (double line) rows and the experiment
numbers refer to columns. For instance, comparisons of nested cases can be made as
follows:

(S-3, 1.1) vs (S-3, 1.3)
and (Code 2)

(S8-3, 1.3) vs (S-4, 1.3).

1t is unclear how this unrolling is performed in UBC SHAZAM (White and Ho, 1982, p. 58).
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Table 1 is organized in the following way: (i) each of the 4 vertical sections defines a
class based on the BCT specification for the systematic part: the BCT applied to all
strictly positive variables is fixed at 0 in columns 1-4 and at 1 in columns 5—8. A single
common BCT (A, = A, for all X; > 0) is estimated in columns 9-14 and, in column 15
two BCT are. used on different groups of explanatory variables in addition to the BCT
applied to the dependent variable; (ii) in the first vertical section, experiment 0.0 is
made without taking either autocorrelation or heteroscedasticity into account; experi-
ment 0.1 adds only autocorrelation [according to (12C)] to reference specification 0.0
and experiment 0.2 adds only a general form of heteroscedasticity [according to (12B)]
with one Z,, variable; experiment 0.3 adds both autocorrelation and heteroscedasticity
to the reference specification 0.0; (iii) the same pattern is used in the second vertical
section and in the first 4 columns of the third section except that the reference specifi-
cations are, respectively, the linear case (1.0) and the Box—Cox specification (2.0); (iv)
in column 13, the general heteroscedasticity form uses a Z,, variable which is not the
same as that used in column 12; subscripts 1 and 2 used in column subtitles HG; and
HG, indicate that fact; (v) in columns 14 and 15, the two Z, variables used in the
previous two columns are used simultaneously, as denoted by the two subscripts on
HG; ,,; (vi) the three horizontal sections on A, S, and G contain a series of experiments
in which a given autoregressive structure r is (where applicable) used; all series of results
are based on 181 observations minus the highest-order of autocorrelation, which yields
169 observations in most cases except for series A-2 where 168 observations are used to
make it comparable to series A-3.

The cases may be nested in the following ways: (a) in each of the first three vertical
sections, the last column contains as nested special cases the remaining columns of the
section; (b) columns 9-12 contain as nested cases columns 1-4 and 5-8; (c) columns 14
and 15 contain as nested special cases all columns to their left; (d) in columns which
contain autoregressive structures, series A-2 is a nested special case of series A-3, S-1
and S-2 are nested into S-3, and the latter three are special cases of S-4.

Before we specifically address the (FF) and the (INT) questions, a few general
comments should be made on the reasonableness of the stochastic approach and the
behavior of the likelihood function.

4.2 General comments

The following general remarks can be made about the results presented in Table 1.

4.2.1 Reasonableness of the stochastic approach. As pointed out in Section 3.1, our
maximum likelihood solution is valid only if the probability that y, be equal to its higher
or lower limit is negligible. We have examined, for series A-1, A-2, S-1, S-4, and G-1,
both the highest probability and the overall indicator (23A) for all experiments which
have an estimated A—all of our estimates of A, are positive. For all models, the value
of P, was equal to 1 except for (S-1, 2.3.2) where it was equal to 0.996; in that case,
the highest conditional probability of being at the limit for any given observation was
of the order of 1073.

This result is hardly surprising: when the E(y,) is quite different from both upper
and lower limits, the finicky objections we have raised in Section 3.1 are somewhat
puritanical. In many samples, one or two observations may be more likely to be at the
limit than the others but that would generally not require one to reject the statistical
approach: modelling judgment is required.

4.2.2 Behavior of the likelihood function. As anticipated, the likelihood function
increases as constraints are relaxed and the model becomes more general. In many cases,
notably in columns 12-15, different initial solutions were tried but they always led to
the same maximum; an exception is (S-2, 3.4) where we located many local minima but
the global maximum, which is necessarily higher than that corresponding to (S-2, 2.4),
could not be found.
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4.3 Flexible format questions

We now want to answer the (FF) questions, considering them in turn. We are in
effect asking about each of the three dimensions (BCT), (HG), and (AU) whether its
existence could be established and, if so, whether its significance was unconditional or
conditional upon one or both of the other two. Figure 2 summarizes our answers to the
three (FF) questions without specifying which of the Table 1 cases were used to construct
the figure. We will not review the cases in detail but simply give some more flesh to the
information combined in Fig. 2.

4.3.1 The usefulness of BCT on the systematic part. The answer to the (BCT) ques-
tion is already known in the literature, as Section 1 makes clear. Table 1 uses asterisks
to denote BCT estimates which are significantly different from 0, 1, or both, on the basis
of their ¢-statistics. Column 9 shows that the logarithmic model is rejected for A, S, and
G equations. In the more general models of column 12, the DEMTEC equations are
linear and the G equation is logarithmic. The BCT can be shown to dominate either the
linear or the log form unconditionally, i.e. independently from whether one simulta-
neously takes into account heteroscedasticity and autocorrelation. Furthermore, no sig-
nificant gain is obtained by using 3 BCT instead of 1 for S, as a comparison of column
14 and column 15 will show.

Gasoline

Schoolchildren

Fig. 2. Dimensions and their interactions established from
Table 1.

Dimensions are represented by letter codes

BCT denotes the presence of Box—Cox transformations, according to (12A),

AU denotes the presence of autocorrelation according to (12C),

HG, and HG, denote heteroscedasticity of general form (12B) with variable #1 and #2,
respectively.

Boxes denote statistical significance of the dimension in question

The absence of a box means that the dimension is not significant.

A box denotes a dimension which is unconditionally present even if the other dimensions
are not taken into account.

A box made of broken lines means a dimension significant conditionally upon the presence
of another dimension.

Arrows denote a significant influence on the nature or form of the indicated dimension

All arrows (and boxes) refer to phenomena the existence of which can be verified by
comparing nested cases of Table 1 except the broken arrow which refers to a phe-
nomenon which can only be established by the analysis of the autoregressive structure
of experiments 2.4 and 3.4 in Table 4.
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In other tests with these data, we have found that we could obtain significant
conditional gains with 6 BCT. Moreover, our experience with time-series data suggests
that allowing at least y to be affected by a BCT, whether or not the variables on the
right-hand side are also affected, can be profitable, as if applying the BCT to the y’s
were more crucial than applying it to the X’s. This may be related to the fact that \,
affects a variable which has no B parameter (by contrast with the X’s) to compensate
in part, so that the error sum of squares tends to be immediately affected.

4.3.2 A general form for heteroscedasticity. The general form specified in (12B) is
completely new and somewhat daring because it is a powerful nonlinear transformation
which, in (13), is used as a weighting factor for each observation. This means that a
relatively large (or small) value of Z,, for a certain period ¢ can transform radically the
pattern of pairwise correlations (or the multicollinearity structure) among the trans-
formed X’s implicit in the square bracket of (13) and create a quasi-singular X** matrix
in (24). Although we have not had this problem in the experiments of Table 1, we have
seen it on other occasions. It is difficult to predict this because one does not easily have
an intuitive feeling for the behavior of function (12B).

As the summary of Fig. 2 makes clear for HG;, we could find no significant het-
eroscedasticity in A when we tested with a first variable; in G, HG, was significant, but
only conditionally: (G-1, 0.2) does not dominate (G-1, 0.0), but if a BCT is used (or a
linear model is used), then the HG,; dimension is significant. The S equation provides
a rather remarkable example of the usefulness of our formulation: HG; is significant
(column 12 vs column 10), HG;, is not (column 13 vs column 10) but HG, and HG, used
jointly are (column 14 vs column 12 and vs column 13)! For experiment series S-1, we
have performed an experiment with classical heteroscedasticity (10) using the same
variable as that used for HG;: the resulting likelihood valuet was 17.837 units lower
than the value shown in (S-1, 2.0), where one does not try to correct for heteroscedasticity
at all! This notable decrease in likelihood suggests that the correction can be too rigid
and that it is important to use an appropriate correction.

4.3.3 A multiple autocorrelation structure.

The Box-Jenkins arts. We have described in Section 1.1 and 3.2 how we use Box—
Jenkins methods to obtain white noise residuals by analyzing both the u, residuals (for
diagnostic purposes) and the w, residuals in (12) (to verify that the correction has been
made). Using such tests, the w, residuals of A and G experiments are approximately
white noise. In S, the first series of experiments yields white noise residuals if a low
degree of precision, say the 10~* used in previous papers, is accepted as numerical
criterion to stop the likelihood maximization process. But if a higher level of precision,
say the 1077 level used for all experiments of Table 1, is adopted, then the w, residuals
for the series S-1 still contain significant nonrandom elements and the slightly different
structure used for S-2 is required to obtain white noise residuals. If the Box-Jenkins
‘““art” of interpretation is used, there is no apparent need to examine other autocorrelation
structures than that of S-2.

A conflict of tests? However, we performed series S-3 in order to obtain S-1 and S-
2 as nested special cases and found everywhere a considerable log-likelihood gain of 4
to 5 units, when S-3 and S-2 are compared, due to the simple addition of p,! Furthermore,
the use of an additional 6 p,, to “‘complete” the series from p; to py,, yielded (as expected)
nonsignificant gains in all cases but (S-4, 2.4) and (S-4, 3.4) where gains of 7 units are
significant at the 95% level! This evidence strongly suggests that conflicts can arise
between Box-Jenkins and likelihood ratio tests, conflicts which imply that the Box—
Jenkins identification procedures may not be perfectly satisfactory.

+This was case 5 in the previous version of this paper (Dagenais et al., 1980).
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4.4 Interaction questions

In Section 1.2 we described why the stochastic specification is important and should
be considered simultaneously with the flexible form of the fixed part of a model. We
emphasized the fact that transformations can influence the sphericalness of the distri-
bution of residuals, notably the degree of heteroscedasticity, more than we emphasized
the reverse. We can now afford to be more precise by answering the (INT) questions.
In Fig. 2, solid arrows indicate an interdependence among BCT, HG, and AU dimensions
only when departing from the BCT-with-spherical-residuals specification has a significant
effect on the nature (the estimated parameters) of the other dimensions. For instance,
the comparison of (G-1, 0.2) and (G-1, 1.2) with their respective predetermined forms
(G-1, 0.0) and (G-1, 1.0) shows that using a log-linear instead of a linear model can
remove heteroscedasticity of a general form HG,, somewhat as in case A of Fig. 1, but
we have no arrow from the BCT box to the HG, box for G in Fig. 2 because using a
BCT dimension adds heteroscedasticity only if the point of departure is a logarithmic
model. The broken line arrow is an exception in the sense that the point of reference
is not a linear fixed part but one which contains one BCT common to both the dependent
variable and the explanatory variables; the arrow shows that permitting two \,, and
allowing these to differ from A\, modified the AU structure.

4.4.1 The influence of AU and HG on BCT. We have found the following significant
changes in BCT estimates.

Influence of AU on BCT. In both G and S models, adding a multiple autocorrelation
structure significantly affects the estimates of the BCT on the fixed part: in the former
case, one obtains a logarithmic form instead of a linear form [(G-1, 2.1) vs (G-1, 2.0)];
in the latter, a square root model with A\, = X\, significantly different from both 0 and
1 becomes nearly linear when AU is added.

Influence of HG on BCT. We have not found cases in which the addition of HG
significantly affected BCT estimates; but we have found cases in which the addition of
HG to a model where AU is already taken into account affects BCT estimates. In G-
1, such an addition makes a linear model become logarithmic (2.3 vs 2.2). In S, the
BCT estimate significantly changes when only HG; is added (column 12 vs column 11)
and also when both HG, and HG, are added (column 14 vs column 11).

4.4.2 The influence of HG on AU. We have not found instances of significant impact
of AU on the parameter values of HG, but we have found an interesting case of influence
in the other direction where the addition of HG, and HG, to a model with BCT and
AU changes completely the structure of autocorrelation despite the fact that the addition
of either HG, or HG, has no such effect! This case, which holds for all comparisons
between column 14 and 13, can only be adequately understood by looking at the signs
and r-statistics of all 12 p’s in Table 4 and noticing how the stable pattern breaks as one
reaches column 2.4 of that table.

4.4.3 The influence of BCT on AU and HG. Relaxation of the constraints on BCT
has a dramatic effect on the structure of AU, as a comparison of column 3.4 and column
2.4 of Table 4 shows. Added to the point made in 4.4.1 above, this means that we have
a bidirectional influence, or complete interaction, between BCT and AU for equation
S, as indicated in Fig. 2. We have not found that using many BCT influenced the nature
of HG.

After answering (FF) and (INT) questions, we turn to (E) questions.

5. RESULTS: ELASTICITIES AND VALUES OF TIME

The purpose of model (12) is to obtain better estimates of the importance of ex-
planatory factors. The most useful measure for this purpose is the elasticity of the
dependent variable with respect to the explanatory variables. Showing the elasticities is
generally more demanding than showing the B, coefficients of a model in the sense that
elasticities immediately betray difficulties and lack of realism of results. By contrast, 8,
coefficients usually have no unambiguous meaning unless the units of measurement of
the variables are specified, and they are not generally what one is interested in, anyway.
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5.1 Intuitive versus strict elasticity
But there are different notions of elasticity. Consider the simplified model

yoW =G(X) +u, X=(X,... Xy, (33)

where G(X) is a nonlinear function of X and the u’s have a spherical distribution. A
natural way of defining elasticities, conceived as the ratio of the percent change in y to
the percent change in X, is to use the intuitive definition of point elasticity:

_[or X
(S) = [an]X=?.y=7 y (34

Evaluation of this elasticity requires choosing a point at which to evaluate the marginal
change (slope) and relating this change to base levels of X, and y. As any point can be
used to evaluate the derivative and serve as a reference level, it is customary to use the
same point for both purposes, usually the sample means X = (X,, ... ,Xx) and
considered as “representative’” of the sample. This practice gives a result to which it is
easy to relate immediately.

A first problem with the intuitive sample definition of elasticity (34) is that it uses
the stochastic element y and is consequently a stochastic measure of sensitivity, not a
fixed one.t Moreover, it fails to take into account the distribution function of y (through
the distribution function of the error terms) in determining the relative influence of a
given X, on y. In (34), only the sample values of y are used to define a representative
value of y: no use is made of the specified model to identify this value. One might then
ask what parameters or properties of the distribution of y should be of interest.

A first candidate is the median. In this case, one could write the following:

_ a[M(le)]] _X
where M(y|X) is the conditional median of y. And indeed Goldberger (1968) makes
the point that, if the regression equation is log-linear [as with BCT = 0 in (12A)], and
u is assumed to be normally distributed, the exponential of the systematic part of the
right-hand side is the conditional median function of y: it follows that in this case of
constant elasticity, the intuitive measure defined above coincides with (35).

More generally, it is not easy to take into account the nonsymmetric feature of the
distribution function of y in nonlinear models. More importantly, we are typically in-
terested in describing mean, not median, behavior: it is therefore useful to focus on
another measure of central tendency of the conditional distribution such as the expected
value. In this case (neglecting the observation subscripts used in previous sections), one
should write:

IEW|X)] X

we = (1R e G0
It is well known that, if (33) is linear (with a constant term) or log-linear, the intuitive
“sample” measure (34) coincides with the strict estimated ‘‘expected value” measure
(36); in the log-linear case, the three measures defined above coincide. Both strict
measures (35) and (36) have the further advantage of escaping the objection raised
against the stochastic intuitive definition (34): they are fixed because they are based on
parameters of the distribution of y. The expected value elasticity has been promoted in
a general way by various authors, such as Kmenta (1971); more specifically, it has also
been advocated in the context in which BCT are used (Huang and Grawe, 1980). Overall,

tNote, however, that estimated elasticities are evidently stochastic measures.
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any growth in its use has been even slower than that of the practice of reporting elasticities
instead of regression coefficients. The difficulty of calculating expected values partly
explains this state of affairs.

5.2 Elasticity with respect to variables which contain observed zeros

All formulas just stated use X, the sample mean, as the base level of interest for
X, and, for the dependent variables, various base levels also obtained from the whole
sample. They implicitly assume that one is interested in the relative impact on y in
general, of X, in general. We now wish to shift the focus to cases in which one is interested
in the impact of X, when it happens on y in general. In our applications, for instance,
we might ask about the impact on transit demand of transit strike days or summer fairs
when they happen. The question applies to explanatory variables which contains zeros
because the activity which they describe does not occur all the time. In our applications,
such variables are not transformed by a BCT.t To simplify the exposition, we will
continue to assume that we are not interested in a sub-sample of y.}

5.2.1 Quasi-dummy variables. Let us call variables such as these, which contain
zero observations but which are not Boolean (0, or 1), quasi-dummy variables. What is
the proper way to obtain elasticities with respect to quasi-dummy variables if one is not
interested in the effect of the event in general but only in its effect when it occurs?
Consider first the case of intuitive elasticities. If we replace, in (34) the mean over all
observations, X;, by X}, the mean computed only from strictly positive observations,
we obtain the desired formula:

sy =22 - E )

where 7 . (le, .. .,X/:, .. .,XK).§
This correction of elasticities carries over|| to the expected value case:

a[E(yIX)]] X
Xy x-% E(y|X)

n(E)* = [ (38)

‘In (38), one might clearly prefer to evaluate the expected value at X rather than at X,
if one felt that this would be more representative and would not care to have a common
reference point for the expected value of y.

5.2.2 Dummy variables. Dummy variables pose a special problem because the par-
tial derivative d(-)/0.X, used in both the intuitive sample elasticity (34) and the strict
expected value elasticity (36) does not exist for binary variables. In this case, one has
to go back to the discrete (arc) measure of sensitivity and find the percentage variation
of the dependent variable (or of its expected value) due to the dummy variable.

To simplify the discussion, let us start again with the intuitive (sample) notion,
assuming that the elasticity will be evaluated at the means.

Define y, as the mean value of y obtained from a model evaluated with D, the
dummy variable, set at its nonzero value (usually one) for all observations and ¥, as the

tNote that our L-1.1 algorithm does not provide for the possibility that quasi-dummy variables be affected
by a BCT (with X # 0). This is not because such a transformation would not be invariant to units of mea-
surement—one could compensate for the effect on zero observations with a binary variable.

tClearly, base levels for the dependent variable and explanatory variables are arbitrary and could all be
different. —

§Note that the vector X might contain other quasi-dummy variables besides X,. When interest centers
exclusively on the effect of X, when the corresponding event occurs, the other dummy variables may be
ascribed their usual X values.

|[Formally, for the model defined in (12), the expected value elasticity, written for any observation ¢, is
W E) = [VE)] fagm 2™ [XipB, + Hu(W)IN(w) dw, where N(w) = f(w;o?) in (18), E(y,) and
y{w) are defined in (18), R(w) is the domain of integration for w (see Liem et al., 1983 for details) and Hy(w)
equals 0 if X, is not a Z,, variable and otherwise equals 423,V f(Z,) [Z; p(yX: — 2« X&-iBi) + W],
where X} = X00/VF(Z).
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mean value of y obtained from the same model evaluated with the dummy variable set
at zero for all observations. Denote by D, the numerical value of the dummy variable
when the event which it represents occurs (usually one), and by D, its numerical value
otherwise (zero). Then four cases can be distinguished, according to whether one is
interested in:

removing the effect of the dummy and evaluating the % change of y

at yo: [y——l — y"] + (D, - Dy), (39A)
Yo

or at y;: [y—l-}-;—yg] + (D; — Dy); (39B)
1

or in adding the effect of the dummy and evaluating the % change of y

at yy; [y—;—y—] + (Do — D)), (390)
Yo

oraty;: [yo—;i] + (Dy — D)). (39D)
1

The last two cases obviously reduce to the first two and can be neglected.

Moreover, evaluation at y, would overstate the impact of a dummy with a positive
coefficient on the dependent variable in general and evaluation at y, understates it (and
conversely for a dummy with a negative coefficient). Evaluation at the midpoint would
yield the same result in both directions:

[(ﬁl J0)2

+ (D, — Dy). (40)
(91 + Jo) ] (Py = Do

One could also envisage evaluating the sensitivity at the sample mean y to remain as
close as possible to the continuous case:

[y‘ - 90] = (D, - Dy). 1)

Blaylock and Smallwood (1983) have developed the special case (39A) with a BCT on
y and found

Y B /N
{[1 + —l—"] - 1} , A #0, (39A1)
[L_W_] _ oo oy B
Y1:Yo

Yo(D1 — Do) 15,5 -
{lexp (Ba)] — 1}g, A =0 (39A2)

where B, is the regression coefficient associated with the dummy variable, the contents
of the square parentheses in (39A1) must be positive to make the computation of the
inverse power 1/\, feasible, and y, is obtained by unrolling the BCT on y. We have
pointed out in Section 3.4 that such an operation is not trivial and may be impossible,
especially when A, < 0. In addition, this formulation, like all variants of (39) and (40)-
(41), is not stated in terms of expected values.

Proper evaluation of the expected value formulation of any of the four distinct
measures of sensitivity defined above requires, for the numerator, calculating the dif-

TRb 21/6-C
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ference between two expected valuest and, for the denominator, obtaining corresponding
estimates for the reference level of the dependent variable:

E(y|X)x-2, ~E(YIX)x-%
reference level

nw(E)* = , (42)

where k refers to the binary variable, and where

Xl = (va . -7‘Yk—]a 1’ X'IH-]’ .. 'aXvk),
XO = (Xb L -;X'k—l, 07 7l(+11 .. "X'k)’

and the reference levels are

1.  E(y|X)x-x for (41),% (42.1)
2. SIEGIX)rs, + EQ1X)xs]  for (40), @2)
3. E(y|X)x.x,  for (39B), (42.3)
4. E(|X)x-x, for (39A). (42.4)

Depending on the value of \,, expected values can be calculated from (20), (21), or (22)
after redefining y(w,) as either y(w,); or y(w,), to reflect the fact that, in the former
case, y(w,) is computed with D = 1 and, in the latter, with D = 0. Assuming that the
probability of being at the limit is negligible,§ we obtain for (42), in the special linear
(A, = 1) and logarithmic cases (A, = 0), the values shown in Table 2, where n, is the
number of observations over which the dummy variable is equal to zero, n, is the number
of observations over which is it equal to 1 and N is the total number of observations
considered.

For the special cases shown in Table 3, the intuitive and expected value elastici-
ties will coincide. For instance the Blaylock and Smallwood intuitive form (39A1) yields
B4/ 9o, which is identical to Case 4A; Case 4B is identical to (39A2) which also co-
incides with the special case formulated by Halvorsen and Palmquist (1980). Generally
speaking, however, there is no way to avoid integrating, as in the first footnote (1) below,
if one wants to obtain one of the four variants of (42).

5.2.3 Approximation used and reporting format. To avoid at this time the additional
computational burden of using (38) for quasi-dummy variables and (42.1) for dummy
variables, we used instead, for both,

ne(E) - );% 43)

an approximation obtained simply by multiplying the strict expected value elasticity
obtained for the whole sample by the ratio of the mean value of X, computed over

tIn effect, the numerator is equal to [y Y(W)x-x,f (W; 0%) dw — [ru) Y(W)x-%, f(w; 0?) dw, where the
domain of integration is [w**, ] for A, > 0, [, + ] for A, = 0 and [—», w}] for A, < 0.

tClearly, this case is the analog of (38). If we had used E(y|X) in (38), then (42-3) would be the
corresponding expression.

§If that were not true, the expressions for the linear case would be more complicated. For instance, Case
1A in Table 2 would be B, [5:* f(w; 0?) dw/ [ y(w) f(w; 02) dw.
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Table 2. Special cases of the expected value elasticity for binary variables

Case *Linear O‘y=l) Logarithmic ()\y=0)
Reference level A B
B
B d
d e -1
1. E(y|X) _ — i
X=X 3 B, (n /M
e
E(y |X) ot E(y|X) . 8
, X=X, X=X 2B, 2 (e 9. 1)
2 - "M LI
2§y + Bd 5
B
B a
d 2 -
3. E(y|X) _ 4 o=l
X:Xl ;4 -2 d e
v N
B B
4. E(y |X) d 5 ed -1
X=X - 1d
o y - N
* It is assumed that the probability of being at the lower limit is negligible

Table 3. Elasticities and other statistics: Selected cases from series A-1, S-1 and G-1 of Table 1
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(Continued)
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Table 3. (Continued)

N-I * NETWORK - INFRASTRUCTURE,WEATHER

TOO HOT OR COLD RELATIVE TO 58 F.

RAINFALL PER DAY, DORVAL AIRPORT

SNOWFALL PER DAY, DORVAL AIRPORT
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-.071
ELY
.010

1.58) (

L1198
1.45) (

.081
1.23) (

.072
1.09) (

-.042
-.55) (

-.011
-.10) (
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~
@
o

ELY

.218
Lt

-.022

°
2

ELY
. 008
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.057
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.041
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-.28)

139
EL1
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“ELY
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ELY
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.43)
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XCSCNFA

XCSCNFA

.018
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-.048
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(

(

4
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-.041
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( 1.30)

(

. 107
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(
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Table 3. (Continued)

ET-SC = ET CETERA - SEASONALITY, CONSTANT XCANFA  XCANFA  XCANFA XCSCNFA XCSCNFA XCSCNFA VNEM VNEM VNEM
REGRESSION CONSTANT CONSTAN® -.013 -1.070 -1.170 -3.190 -1.210 ~1.450 -.777 1.160 2.130
( -.03) ( -3.18) ( -3.23) ( -1.99) ( -1.20) ( -1.41) ( -1.08) ( .82) ( 1.38)
=zzzzzzzzzcsscrISssTEssEESssoTIaSICEIIIEEISSSESISSSESSSSSSSTSIZEIZZEESZEERS =ssszzszzzssszz=ss=szssszsssasssss szzzz=zzszzsz=zszz=zre
CODE NO. = 2.0 2.1 2.3 2.0 2.1 2.3 2.0 2.1 2.3
DEP.VAR. =  XCANFA  XCANFA  XCANFA XCSCNFA XCSCNFA XCSCNFA VNEM VNEM VNEM
erzszESEcaEsEsEETEEEEEIEEEECIIEEEETIEEEEEESECIESEEEEIEEEECEICEEIEEEEESEISEIIEEEEESEEESSSSETSIssSSEssSETSssTsrEszsssssarssses =z=re
AUTOCORRELATION
RHO 1 .014 .009 .138 .255 193 196
( .29) ( .21) ( 1.78) ( 2.89) ( 3.72) ( 4.12)
RHO 3 -.344 -.188
( -3.80) ( -1.74)
JMD 4 -.088 -.055
( -1.08) ( -.57)
RHO 12 .910 .922 382 .47 L7319 .738
( 19.01) ( 21.64) ( 4.52) ( 8.38) ( 14.82) ( 18.19)
BOX-COX TRANSFORMATIONS
ESTIMATED LAMBDA(X) - GROUP 1 ELY L7519 .92t .917 .511 .723 1.005 .855 .017 .048

»
a
o
o
3
@

( 2.17) ( 7.85)
( -.72) ( -.88)

~

.27) ( 2.87) ( 3.27) ( 4.80) ( .
-.68) ( -2.58) ( -1.25) ( .02) ( -.78) ( -3.92) ( -3.42)

ESTIMATED LAMBDA(Y) ELY .751 .921 .917 .51 .723 1.005 .855 .017 .048
( 2.17) ( 7.85) .27) ( 2.87) ( 3.27) ( 4.80) ( 4.49)
( -.72) ( -.88) -.88) ( -2.58) ( -1.25) ( .02) ( -.78) ( -3.92) ( -3.42)

~

°
~
@

HETEROSKEDASTICITY
ASSOCIATED VARIABLE = SHONF DELTA 1 .510
( .37)
ASSOCIATEO VARIABLE = TEND DELTA 2 119
( .48)
ASSOCIATED VARIABLE = TRCUSP DELTA 3 .037
( .41)
ASSOCIATED VARIABLE = SHONF LAM(E) 1 191
( .05)
« -.23)
ASSOCIATED VARIABLE = TEND LAM(E) 2 1.074
( 1.04)
( .07)
ASSOCIATEDO VARIABLE = TRCUSP LAM(E) 3 2.113
( 1.08)
( .58)
===zz=z=s====z=zz=s==s=sssesssssssssssssssssss =zesz=ss===sz===sss=ssses s=ssr=zzsszszzssss===s==s=rozzzsssssssssssssrssssassssEsEss
LOG-LIKELTHOOD 272,569 308.739 309.758 1.399 28.203 37.480 28.553 48.980 53.010
PSEUDO-(L)-R2 .955 .870 .87t .91 .935 .942 .961 .89 .971
NUMBER OF OBSERVATIONS 169 189 169 189 189 - 189 189 189 189
ESTIMATION PERIOD 13-181 13-181 13-181 13-181 13-181 13-181 13-181 13-181 13-181
NUMBER OF INDEPENDENT VARIABLES 28 28 28 27 27 27 268 28 28
=====zz==========zz==z=ss==z=ss==== 2 == I EESSIERSSEICSSSSESSECEESEESESSSSSSESESEESCSSTEISEISSEESSESSSSEZESESESssEssssEzTIEsEEEsE

positive observations to the mean computed over all observations. For quasi-dummy
variables, the value of this approximation depends on the appropriateness of evaluating
the derivative in (38) at X instead of X. In our case, given that our algorithm scales
variables to the order of magnitude of 1, it can be shown that the approximation is
reasonable, especially if the regression coefficient obtained is small. For dummy vari-
ables, using (43) instead of (42.1) involves a more complicated error.} In the linear case,
(43) yields an exact result, namely Case 1A of Table 2, if the probability of being at the
limit is negligible.

tFor example, in the simpler intuitive case, the partial derivative (dy/dX,) = (B:/y»"") can itself be
derived with respect to X, to verify this point. The result, 3(ay/dX,)/0Xy = —B}(A, — 1)/y®~Y, has a
denominator of the order of 1 because of our scaling of y described in the Appendix and a numerator which
is small, for small values of |\, — 1|, if |8,] < 1. In Table 3, |\, — 1| as well as the coefficients of variables
STR, FIR, EX7, EX8, EX9, EX0, EX1, ZA, and ZSC are all smaller than 1 in absolute value except that
of ZSC which is of the order of 1.5.

$The numerators of the two expressions differ. In (43), we have By fruw[y{(w)]' "> N(w) dw; in (42-1),
the numerator is [z [y(W)IN(w) dw — [ron[y{(w)] N(w) dw. In the intuitive case, the values for A, = 0
are, respectively, B, and e — 1. Considering that the first two terms of the Taylor expansion of e are 1 +
B4, the approximation is acceptable if |8,| < 1. In Table 3, the coefficients of the dummy variables STRUCT1,
CHEAT?2 and CARDEX, which have a positive value for several observations (ANT and ANTL1 are defined
only for one observation each), are between 0.02 and 0.18.
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In the tables of results to be presented shortly, we will use the following convention
to distinguish among the ways of computing expected value elasticities:

(i) a code name which is not underlined means that we are applying (36)\
and using all available observations on X to compute the elasticity for that
variable;

(ii) a code name underlined once means that we are applying (43) and
using only the positive values of X, to compute the elasticity for that variable; '

(iii) a code name underlined twice means that we are applying (43) to a
dummy variable and using only the positive values of that variable to compute
the elasticity. y

(Code 3)

5.3 Elasticities

We will now examine complete regression results for some representative experi-
ments taken from Table 1. The first set, shown in Table 3, shows the impact of adding
AU, and then HGy, to a model which has the same BCT on both the dependent and
the (strictly positive) independent variables: experiments 2.0, 2.1, and 2.3 from series
A-1, S-1, and G-1 are used, in part to maintain comparability with previously published
results. The second set, shown in Table 4, is chosen to illustrate the impact of pushing
the specification (12) to the point of diminishing returns (on the log-likelihood): nine
cases from series S-4 of Table 1 are shown and the most general one has 3 BCT, 12
autoregressive parameters, and 2 heteroscedasticity variables considered simultaneously
with the other parameters of the model.

Table 3 and Table 4 contain three sections. The first section shows, for a given
experiment (column), the elasticity of the dependent variable with respect to each X
[whose code name is presented according to (Code 3)]. Under each elasticity value, the
asymptotic t-statistic of the 8, used to calculate that elasticity is found in parentheses.t
Under the t-statistics: (i) the absence of indication means that the variable X, was not
transformed by a BCT because it was not strictly positive; (ii) the indication FL1 means
that the A of the BCT associated with this variable is fixed to a particular value common
to all X, which belong to group 1; the fixed value for each group is found in the second
section of the table; (iii) the indication EL1 means that the A of the BCT associated
with this variable is estimated and is common to all X, which belong to group 1; the
estimated value for each group is found in the second section of the table.

The second section of each table contains (a) estimates of the p, autocorrelation
parameters and their asymptotic t-tests; (b) fixed or estimated values of the BCT on the
X, and on the dependent variable y; under the estimated values, the first parenthesis
presents the asymptotic t-tests under the hypothesis that the parameter is equal to 0
(logarithmic case); in the second parenthesis, the t-test is made under the assumption
that the parameter is equal to 1 (linear case); (c) estimated values for the §,, and the
BCT on the Z,, heteroscedasticity variables; for the BCT, the two t-statistics in paren-
theses have the same meaning as in (b).

The third section contains log-likelihood values, the pseudo-(L)-R? described by
(32) and other information on the experiment in question.

5.3.1 The three demand equations. In Table 3, one can see that the stochastic
specification has a considerable impact on the sign and size of many of the elasticities,
even in some cases where the t-statistics are rather large.

Consider first the variables whose anticipated sign is uncertain. For instance, other
goods are a complement to urban travel [with positive cross-elasticity of price (P)] in
some cases but a substitute (with negative price cross-elasticity) in other cases of the S
and G equations; similarly, the influence of cold and warm temperature TLK depends

+We have pointed out in Section 3.3 that the t-values associated with the coefficients of X, and Z,, were
not invariant to units of measurement when a BCT was estimated. See also the Appendix on this point.
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Table 4. Elasticities and other statistics: Selected cases from series S-4 of Table 1 (Schoolchildren)

=zzzzsszzsszsszzzsszzszzzz

wzscswsw=awszzszszssszssss=sc=szsszszsassassTEEEss zzzzzzszz

CODE NO. = 0.1 0.3

1.1

1.3

2.1

2.3

2.3.2

DEP.VAR. = XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA

E2rsssssssErsssECooSoETssSSEEESSTEESRCEFSESSEEISESSSEESCISSSSICEESEEEISSEISSIEESsrEsEsssssssssssszssEsssss

2.4

471

zzzzzzs=sszzesz

3.4

XCSCNFA  XCSCNFA

P = PRICES XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA  XCSCNFA
REAL MUCTC STUDENT FARE FSCD -.270 -.270 -.372 -.322 -.352 -.324 -.359 -.638 -.425
{ -1.51) ( -1.68) ( -2.98) ( -3.48) ( -1.88) ( -2.02) ( -1.86) ( -3.09) ( -1.71)

FL1 FL1 FL1 FL1 EL1 EL EL1 EL1 EL1

CONSUMER PRICE INDEX, MONTREAL P -.859 -1.530 722 .081 .514 105 .550 1.440 4.270
( -.49) ( -1.12) ( 56) ( 12) ( .40) ( 15) ( .42) ( .90) ( 2.88)

FL1 FL1Y FL1 FL1 EL1 ELY ELY ELY EL1

= MOTOR VEHICLE - QUANTITY XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA

NC .007 -.008 -1 100 -.798 -1.030 -.804 -1.070 -2.310 -1.700

( .02) ( -.02) ( -2.15) ( -2.12) ( -2.11) ( -2.12) ( -2.05) ( -5.27) ( -1.06)

FL1 FL1 FLY FL1 ELY ELY ELY ELY EL1

N-T = NETWORK - TIME,SERVICE LEVELS

WAIT TIME FOR MUCTC VEHICLES ™ -.712 -.620 -.034 .007 -.138 028 -.149 -.547 -.080

( -1.88) ( -1.60) ( -.27) ( L07) (. -.71) ( 21) ( -.71) ( -1.82) ( -.25)

~ FLI FL1 FL1 FLY EL1 ELY ELY ELY ELY
MUCTC IN-VEHICLE TRAVEL TIME T .035 . 192 -.550 -.522 -.477 -.548 -.465 .090 -.311

( .08) ( .37) ( -1.92) ( -1.87) ( -1.57) ( -1.68) ( -1.52) ( .39) ( -1.00)

FL1 FL1 FL1 FLY EL1 ELY ELY ELY EL1

OFF-PEAK TRAVEL TIME BY CAR, MTL T27 1.010 1.100 .028 -.083 .317 - 17 .313 .508 1.200

- ( 277) (1.02) ( 05) ( -.18) ( .43) (- 30) ( .40) ( 55) ( .56)
FL1 FL1 FL1 FL1 ELY EL{ EL1 ELY . EL1

COMPLETE STRIKES BY MUCTC STR -.811 -.789 -.603 -.597 -.831 -.592 -.831 -.575 -.592

=== (-20.40) (-19.05) (-14.19) (-11.83) ( -5.42) ( -4.50) ( -5.11) ( -8.61) ( -4.02)

RESTRUCTURATION OF LINES FOR METRO  STRUCT1 .018 .083 -.122 -.091 -.104 -.099 -.098 .062 -.098

=azsmes  ( A7) ( .58) ( -1.87) ( -1.13) ( -1.28) ( -1.08) ( -1.20) ( .98) ( -1.00)

XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA

TOO HOT OR COLD RELATIVE TO 56 F. TLK -.073 -.079 -.027 -.052 -.034 -.050 -.033 .018 -.085
( -1.50) ( -1.85) ( -.73) ( -1.59) ( -.88) ( -1.48) ( -.83) ( 70) ( -2.45)

RAINFALL PER DAY, DORVAL AIRPORT RFK -.021 -.021 -.018 -.017 -.019 -.017 -.019 -.018 -.018
( -1.22) ( -1.49) ( -1.57) ( -1.94) ( -1.47) ( -1.85) ( -1.40) ( -1.94) ( -1.88)
SNOWFALL PER DAY, DORVAL AIRPORT SFK -.012 -.008 -.017 -.008 -.018 -.008 -.01% -.002 .000
( -1.21) ( -.52) ( -2.41) ( -.92) ( -1.72) ( -.86) ( -1.59) ( -.34) ( .07)
ACCUMULATED SNOWFALL,DORVAL AIRPORT CSFMR .018 .015 .024 .022 .023 .022 .022 .004 .020
( 1.19) ( 1.12) ( 1.97) ( 2.44) ( 1.44) ( 1.73) ( 1.40) ( .42) (. 1.84)

REAL AVERAGE WEEKLY EARNINGS, MTL RAWEM -.259 .289 .394 .813 168 .564 .215 1.410 . 445
( -.39) ( .41) ( .85) ( 98) ( 31) ( 1.08) ( 39) ( 3.81) ( 54)
FLY FLY FLY FLI ELY ELY EL1 EL? ELY

XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA

COMPUTER CONTROL REDUCED FARE CARDS CHEAT2 -. 113 -.1680 -.000 -.042 -.003 -.042 -.004 -.083 .031
eExass (-2.77) ( -3.89) ( 0.00) ( -.81) ( -.04) ( -.58) ( -.07) ( -1.18) ( .38)

SUMMER EXPIRAT.REDUCED FARE CARDS CARDEX -.084 -.037 -.037 -.034 -.040 -.034 -.038 .032 -.078
wrzzzx ( -.88) ( -.82) ( -.7%) ( ~-.81) ( =-.77) ( -.78) ( ~-.89) ( .83) ( -1.8%)

XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA

A ACTIVITY FINAL AND INTERMEDIATE

INDEX SCHOOL,JR.COLL.ACTIVITY, MTL RSCMP . 368 .399 .285 .287 .281 .281 .283 . 384 . 289
( 5.85) ( 7.33) ( 6.11) ( 8.80) ( 4.54) ( 4.62) ( 4.25) ( 7.16) ( 4.39)

REAL RETAIL SALES INDEX SHONF .059 .055 .094 .090 .089 .091 089S 21 164

( .99) ( .97) ( 2.69) ( 2.59) ( 2.34) ( 2.65) ( 2.22) ( 2.80) ( 2.56)

- FLY FL1 FL1 FL1 ELY ELY ELY ELY EL2
TREND SECOND.SCHOOL REGISTRATION TEND .31 . 281 .557 .444 .585 .440 .588 809 171

( 1.87) ( 1.92) ( 3.24) ( 2.75) ( 2.47) ( 2.12) ( 2.22) ( 3 984) ( 1.13)

FL1 FLt FLY FL1 EL1 ELY ELY ELY EL2

EXPO 87 EX7 . 180 . 190 . 153 144 .183 144 149 .039 .087

me= ( 3.51) ( 3.24) ( 3.14) ( 2.92) ( 2.52) ( 2.41) ( 2.38) ( .88) ( 1.8%)

MAN AND HIS WORLD 1968 EX8 .031 .040 .040 .023 .039 .024 .039 .022 .025
=== ( .85) ( .88) ( .99) ( .49) ( 97) ( .49) ( .95) ( .24) ( .88)

MULT.FARE ZONES SCH.CHILD.DBL.COUNT ZSC~ .057 .088 .087 .083 .082 083 .083 .078 104
=== ( 1.94) ( 2.47) ( 5.04) ( 4.78) ( 2.72) ( 2 78) ( 2.85) ( 2.50) ( 2.87)

SPECULATIVE TICKET PURCHASE ANT .288 .278 .404 421 .372 .433 .388 .28¢ .438
=== ( 3.12) ( 2.89) ( 4.38) ( 4.21) ( 2.40) ( 2.11) ( 2.29) ( 2.55) ( 2.27)
SPECULATIVE TICKET PURCHASE LAG.1M. ANTL1 -.198 -.188 -.248 -.228 -.243 -.230 -.243 -. 128 -.130

z===e ( -1.44) ( -.82) ( -3.73) ( -3.15) ( -2.93) ( -2.41) ( -2.82) ( -1.27) ( -1.08)
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Table 4. (Continued)

ET-AG = ET CETERA - AGGREGATION

WORKDAYS PER MONTH WD .338 451 .331 .373 .334 367 .338 .791 334
( 1.17) ( 1.85) 1.70) ( 2.08) ( 1.64) ( 2.05) ( 1.61) ( 2.93) ( 1.07)

FL1 FLY FL1 FL1 EL1Y EL1? EL1 ELY EL1

SATURDAYS PER MONTH SAT -.011 .003 -.038 - 014 -.033 -.015 -.034 .033 - 010
( -.15) ( .03) ( -.71) ¢ -.27) ( -.59) ( -.30) ( -.60) ( .51) (- 19)

FL1Y FL1 FL1 FL1 EL1 ELt EL1 EL1 EL!

SUNDAYS AND HOLIDAYS PER MONTH SHD .051 .099 -.031 -.007 -.021 -.011 -.018 127 - 038
( .82) ( 1.17) -.54) ( -.13) ( 3) ( -.20) ( -.30) ( 1.88) ( -.81)

FLY FL1 FL1 FL1 ELY ELY ELY EL1 ELY

REGRESSION CONSTANT CONSTANT ., -.898  -2.350 .032 .007 -.003 .018 -.043 -2.290 -1.140
( -.40) ( -1.25) ( .07) ( .02) ( 0.00) ( .04) ( -.07) ( -2.78) ( -2.17)
= ==s==sz=sz=zperssessczszwazsEzszsssssssssssss
1.1 1.3 2.1 2.3 2.3.2 2.4 3.4
DEP.VAR. = XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA XCSCNFA
s=zszssss=ssssssesszsssszscessssssssssssssesssossssssssssassss =rezzesssseszs
\
AUTOCORRELATION
RHO 1 .198 . 108 .267 . 150 .244 . 155 . 250 .371 -.022
( 1.983) ( .89) ( 2.83) ( 1.48) ( 2.25) ( .44) ( 2.20) ( 3.81) ( -.20)
RHO 2 -.198 -.122 -.134 -.082 -.158 -.078 -.153 . 154 -.179
(-1.78) ( -.99) ( -1.11) ( -.67) ( -1.32) ( -.B4) ( -1.27) ( 1.55) ( -1.45)
RHO 3 -.259 -.273 -.389 -.417 -.370 -.418 -.371 -.482 -.581
( -2.24) (°-2.20) ( -3.28) ( -3.68) ( -3.28) ( -3.71) ( -3.25) ( -4.28) ( -5.23)
RHO 4 -.203 -.237 -.239 -.258 -.249 -.249 -.250 -.225 -.376
( -1.85) ( -2.08) ( -2.33) ( -2.14) ( -2.39) ( -2.08) ( -2.28) ( -1.66) ( -3.15)
RHO S -.101 -.105 -.101 -.131 -.120 -.127 -. 113 .217 -.308
( -.93) ( -.87) ( -.85) ( -1.13) ( -1.01) ( -1.11) ( -.93) ( 1.83) ( -2.55)
RHO 6 -. 180 -.183 -.138 -.180 -. 155 -.178 -. 150 .038 -.405
( -1.48) ( -1.65) ( -1.35) ( -1.87) ( -1.55) ( -1.82) ( -1.45) ( .28) ( -3.93)
RHO 7 -.389 -.422 -.317 -.372 -.338 -.364 -.340 -.415 -.477
( -4.88) ( -4.45) ( -3.95) ( -4.18) ( -4.25) ( -4.07) ( -4.21) ( -3.57) ( -4.27)
RHO 8 -.068 -.145 -.082 -.093 -.070 -.089 -.069 -.024 -.219
( -.63) ( -1.28) ( -.81) ( -.85) ( -.87) ( -.81) ( -.68) ( -.20) ( -1.98)
RHO 9 -.289 -.188 -.417 -.342 -.417 -.345 -.410 . 184 -.454
( -2.83) ( -1.53) ( -4.24) ( -3.83) ( -4.10) ( -3.87) ( -4.01) ( 1.55) ( -4.58)
RHO 10 .057 -.054 . 129 -.055 .089 -.050 108 -.071 -.205
( .86) ( -.53) ( 1.38) ( -.59) ( 1.03) ( -.53) ( 1.04) ( -.52) ( -2.10)
RHO 11 - 13 -.072 -.124 -.048 -.140 -.040 -. 145 -.178 -.223
( -1.30) ( -.688) ( -1.25) ( -.48) ( -1.45) ( -.39) ( -1.49) ( -1.30) ( -1.99)
RHO 12 .264 175 .191 .138 . 190 . 140 . 193 321 -.024
( 2.88) ( 1.83) ( 1.93) ( 1.42) ( 1.88) ( 1.41) ( 1.87) ( 3.17) ( -.24)
BOX-COX TRANSFORMATIONS
FIXED LAMBDA(X) - GROUP 1 FLt 0.000 0.000 1.000 1.000
FIXED LAMBDA(Y) FLY 0.000 0.000 1.000 1.000
ESTIMATED LAMBDA(X) - GROUP 1 EL1 .818 1.058 . 804 .467 4.181
( 4.24) ( 4.82) { 3.93) ( 4.13) ( 5.08)
( -.95) ( .24) ( -.98) ( -4.71) ( 3.85)
ESTIMATED LAMBDA(X) - GROUP 2 EL2 1.058
( 3.05)
( 17)
ESTIMATED LAMBDA(Y) ELY 818 1.0568 .804 .487 . 865
( 4.24) ( 4.82) ( 3.93) ( 4.13) ( 3.52)
( -.95) ( .24) ( -.98) ( -4.71) ( -.55)
HETEROSKEDASTICITY
ASSOCIATED VARIABLE = TEND DELTA .013 .048 .049 043 .060
( .38) ( .59) ( .59) ( 43) ( .80)
ASSOCIATED VARIABLE = SHONF DELTA 2 -.071 -.058 -.034
( -.06) ( -t.39) ( -.40)
ASSOCIATED VARIABLE = TEND LAM(E) 1 2.085 1.577 1.561 t.6872 1.493
« 1.72) ( 1.97) « 1.97) ( 1.57) ( 1.,95)
( .89) ( .72) ( kAR ( 83) ( .85)
ASSOCIATED VARIABLE = SHONF LAM(E) 2
e szz== szzs==z== s=szzssszsszzzss
LOG-LIKELIHOOD 30.881 38.705 45.703 S58.962 48.145 S6.993 46.175 64.808 68.078
PSEUDO- (L)-R2 .937 .943 .847 954 .948 .954 .948 .958 960
NUMBER OF OBSERVATIONS 189 189 189 189 169 189 169 189 169
ESTIMATION PERIOD 13-181 13-181 13-181 13-181 13-181 13-181 13-181 13-181 13-181
NUMBER OF INDEPENDENT VARIABLES 27 27 27 27 27 27 27 27 27

rszsz=zzzzasz




Box-Cox transformations with nonspherical residual errors 473

on the stochastic specification of the A and G equations. The influence of snowfall SFK
and college and university activity RCUTP* varies in A. For RCUTP, the t-statistics are
superior to 1.5 in absolute value. Moreover, the influence of congestion (T2T) on the
demand for gasoline, which would be positive if increased rates of consumption per unit
of distance are not compensated by reduced total kilometers of travel and negative if
they are, varies in size and sign among the three cases of equation G. The same is true
for the aggregation variable SHD and the summer fair of 1971, EX1.

Now examine the variables whose sign is anticipated to be positive or negative. The
following generalizations can be made with respect to changes in signs as one successively
adds autocorrelation (column 2.1) and then heteroscedasticity of a general nature (col-
umn 2.2) to the basic specification (column 2.0): (i) for the two DEMTEC model equa-
tions A and S, adding AU improves the results as can be readily verified by comparing
columns 2.0 and 2.1 for variables TT in S, T2T in A and STRUCT1} and CARDEX in
S. Comparing columns 2.1 and 2.2 shows that the further addition of HG, did not have
a significant impact, even for the S equation where such an addition considerably in-
creased the log-likelihood; (ii) for the demand for gasoline equation G, adding AU yields
less convincing results, as a comparison of columns 2.0 and 2.1 shows for variables TW
and RAWEM. Further addition of HG, raises the log-likelihood value by a considerable
amount, as a comparison of column 2.1 and column 2.3 results shows, but the unrea-
sonable cross elasticities for TW and RAWEM become even more unreasonable.

5.3.2 Pushing the model to its limits. The results of the second section of Table 4
have already been used in Sections 4.4.2 and 4.4.3 to point out the influence of hetero-
scedasticity on the structure of autocorrelation (columns 2.3.2 and 2.4) and of increasing
the number of BCT on the structure of autocorrelation (columns 2.4 and 3.4). The
purpose of showing the first section is the analysis of elasticities. The following obser-
vations should be made after rejecting the logarithmic models (columns 0.1 and 0.3) in
favor of the remaining linear or BCT models (which do not generally depart significantly
from the linear form): (i) the signs are remarkably stable; (ii) with linear models and
models with one or more BCT, the presence of the first variable to explain heterosce-
dasticity (TEND) changes the sign of at least one of the service level variables TW, TT
or T2T in an unanticipated way and the sign of the variable CHEAT?2, which describes
the better control of the distribution of reduced fare cards, in an anticipated way; (iii)
taking heteroscedasticity into account has a relatively large impact on the absolute value
of the elasticities of many of the variables: P, NC, RAWEM; this possibly illustrates the
point made in Section 4.3.2 about the sensitivity of correlations among regressors to
their transformation by the powerful general form for heteroscedasticity. The elasticities
for variables which have highly significant t-statistics in the linear form seem to be
proportionately less affected by the addition of HG, than the others.

5.4 Values of time

The sensitivity of the sign and size of the elasticities of transit demand exhibited in
Tables 3 and 4 should be expected to carry over to the implicit prices of time, calculated
in the usual way by asking what variation in service level will produce the same effect
on ridership as a unit change in the fare or:

dy/d time

price of time = ————.
dy/d price

(44)

The result of this computation for adults and schoolchildren is found in Table 5 for
the cases shown in Table 3.

In interpreting these results, we have to remember that the equation for the adult
market contains no variable to account for the impact of changed access times due to

1We do not know whether university attendance reduces other social activities of students sufficiently to
imply a net gain or loss.

It is known that the integration of bus and subway lines was made to the benefit of adults; schoolchildren
cannot have gained by the increased access times implied by the integrated network.
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Table 5. Implicit value of time, adults and schoolchildren ($/day)

ADULTS ) SCHOOLCHILDREN
* Experiment # 2.0 2.1 2.3 2.0 2.1 2.3
Transit Wait-time W | 6.30 0.59 0.16 1.21 0.59 0.73
Transit In-vehicle time TT | 1.90 1.23 1.17 -0.30 0.04 0.02
* All cases are from Table 3.

the addition of the subway to the bus network and the simultaneous restructuring of the
lines to feed the subway. For that reason, the in-vehicle travel time variable reflects that
structural change (including modified comfort) as well as the influence of modified
speeds. Despite that, it is clear that the relative price of wait-time falls too much for the
adult market when autocorrelation and heteroscedasticity are taken into account in
columns 2.1 and 2.3, respectively. Results are more reasonable in the schoolchildren
equation except for the negative sign in column 2.0. If we keep in mind that the average
manufacturing wage during our sample period was about $2 per hour in constant 1956
dollars, it is clear that one could not use these implicit prices without further work
centered on an examination on the robustness of these results.

6. CONCLUSION

In this paper we have: (i) provided a rationale for a Box—Cox regression model with
heteroscedasticity and multiple autocorrelation. Our approach consists of viewing the
problem a priori as a two-limit Tobit applied to a sample containing no limit observations
and of calculating a posteriori the appropriateness of that assumption; (ii) shown the
importance of making a correction for heteroscedasticity simultaneously with the esti-
mation of the functional form of the systematic part and the usefulness of using a flexible
form for this correction; (iii) established that taking autocorrelation, or heteroscedas-
ticity, or both, into account could change the functional form of the systematic part of
the model and that freeing the functional form could modify the autocorrelation structure;
finally, we found that taking heteroscedasticity into account could also modify the au-
tocorrelation structure; (iv) found that elasticities of transit and gasoline demand and
implicit values of transit time were quite sensitive to the specification of the stochastic
part of the model.

In our Appendix, we analyze further the problem of lack of invariance of the
asymptotic t-tests of the (3, coefficients to unit of measurement specifications of the X,
when Box—Cox transformations are used. Our example illustrates both the considerable
difference between conditional and unconditional t-values and the relatively small effect
that scaling with arithmetic averages would have had on our results.

APPENDIX

On the t-statistics of the regression coefficients

In this Appendix, we illustrate some of the points made in Section 3.3 concerning possible solutions to
the problem that, when BCT are used, as in (12A) and (12B), the associated regression coefficients (the B,
and the 3,,) have asymptotic t-statistics which are not invariant to the units of measurement of the X, and
Z,,. Our illustration is based on the S equation (with the distribution of residuals assumed to be spherical),
and the results are reported in Table 6. In the first four columns, the scaling rule of the L-1.1 algorithm is
used: y and the X are scaled by the power of 10 which yields a series with a mean of the order of magnitude
of 1. The last column to the right (2.0R) uses the arithmetic mean of the regressand and regressors to scale
them, a procedure which yields coefficients equal to the intuitive sample elasticities (S) defined in (34). It
is clear that the unconditional t-values obtained under these two scaling rules are, in general, very close, as
a comparison of columns 2.0 and 2.0R shows. Moreover, the first three columns present the t-values conditional
upon the value of A (applied to the dependent variable and variables 15-26), with A = 0, A = 1, and A\ =
A, respectively, used in experiments 0.0, 1.0, and 2.0C. These conditional values are invariant to the scaling
specification. The comparison of the conditional values in column 2.0C and the unconditional values in column
2.0 shows in our case significant differences.



Box-Cox transformations with nonspherical residual errors 475

Table 6. Conditional and unconditional t-statistics* with different scaling rules** [Schoolchildren equa-
tion from Table 1: ¢#(8,)]

Condi tion (A=0) (A=1) (=%
Experiment 0.0 1.0 2.0C 2.0 2.0R
X, : 1 SWm -13,94 -11.51 -12.74 -3.49 -4.77
2 STRUCT1 1.21 .35 .69 .43 b4
3 TLK 2.28 3.17 2.71 1.61 1.80
4 RFK -1.25 -.86 -1.07 -.79 -.78
5 SFK -2.43 -3.25 -2.94 -1.95 -2.36
6 CSFMR 1.52 1.79 1.58 1.13 1.21
7 RSCMP 12.59 11.84 12.21 4,41 8.44
8 CHEAT2 -2.20 -1.16 -1.34 -1.29 -1.26
9 CARDEX 14 .40 .28 .19 .19
10 EX7 5.93 5.38 5.74 3.45 6.02
11 EX8 2.00 1.41 1.72 1.31 1.41
12 zsc 2.82 3.56 3.28 1.43 1.69
13 ANT 2.19 4.13 3.13 .00 .00
14 ANTL1 -1.16 -1.24 -1.32 -.00 -.00
15 FSCD -1.29 -2.30 -1.78 -1.03 -1.10
16 P -1.08 -.70 -1.07 -.73 -.73
17 NC .20 -1.37 -1.11 -.77 -.77
18 W -.84 -.32 -1.35 -.85 -.86
19 TT 1.63 .80 1.28 .68 .68
20 T2T 1.28 1.27 1.79 1:23 1.33
21 RAWEM -.28 1.49 .33 .26 .26
22 SHONF 2.40 3.73 2.96 2.59 2.68
23 TEND 1.15 2.18 2.11 1.72 1.76
24 WD 3.34 3.88 3.70 2,42 2.62
25 SAT 1.30 1.50 1.62 1.44 1.41
26 SHD 1.01 .94 1.04 1.02 1.02
27 CONSTANT -1.78 -3.07 -2.74 -1.99 -6.58

* All values cut after second decimal without rounding.

*% In the first 4 columns, the scaling of the L-1.1 algorithm is used; in column
2.0R, all variables are scaled by their arithmetic means.
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